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Abstract
I discuss autoparallel curves and geodesics in the symmetric teleparallel
geometry.
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1 Introduction
We know that the autoparallel curves in the Riemann geometry coincide
with its geodesics. In this note my aim is to investigate if there is a such
result in the symmteric teleparallel geometry (STPG).
2 Mathematical Preliminaries
Spacetime, in general, is denoted by {M,g,∇} where M is orientable and
differentiable manifold, g = gαβe
α⊗ eβ is the metric tensor written in terms
of 1-forms eα and ∇ is connection associated with connection 1-forms Λαβ.
Cartan structure equations define nonmetricity 1-forms, torsion 2-forms and
curvature 2-forms, respectively
Qαβ := −
1
2
Dgαβ =
1
2
(−dgαβ + Λαβ + Λαβ) , (1)
Tα := Deα = deα + Λαβ ∧ e
β , (2)
Rαβ := DΛ
α
β := dΛ
α
β + Λ
α
γ ∧ Λ
γ
β (3)
where d and D are exterior derivative and covariant exterior derivative.
Geometrically, the nonmetricity tensor measures the deformation of length
and angle standards during parallel transport. For example, after parallel
transportation of a vector along a closed curve, the length of the final vector
may be different from that of the initial vector. On the other hand, torsion
relates to the translational group. Moreover it is sometimes said that closed
parallelograms do not exist in spacetime with torsion. Finally, curvature is
related to the linear group. That is, when a vector is parallel transported
along a closed loop, the vector undergos a rotation due to curvature. These
quantities satisfy Bianchi identities:
DQαβ =
1
2
(Rαβ +Rβα) , (4)
DTα = Rαβ ∧ e
β , (5)
DRαβ = 0 . (6)
Full connection 1-forms can be decomposed uniquely as follows [1],[2],[3]:
Λαβ = (g
αγdgγβ + p
α
β)/2 + ω
α
β︸ ︷︷ ︸
Metric
+ Kαβ︸︷︷︸
Torsion
+ qαβ +Q
α
β︸ ︷︷ ︸
Nonmetricity
(7)
where ωαβ Levi-Civita connection 1-forms
ωαβ ∧ e
β = −deα , (8)
1
Kαβ contortion tensor 1-forms,
Kαβ ∧ e
β = Tα , (9)
and anti-symmetric 1-forms
qαβ = −(ιαQβγ)e
γ + (ιβQαγ)e
γ , (10)
pαβ = −(ιαdgβγ)e
γ + (ιβdgαγ)e
γ . (11)
This decomposition is self-consistent. To see that it is enough to multiply
(7) from right by eβ and to use definitions above. While moving indices
vertically in front of both d and D, special attention is needed because
dgαβ 6= 0 and Dgαβ 6= 0. Symmetric part of the full connection comes from
(1)
Λ(αβ) = Qαβ +
1
2
dgαβ (12)
and the remainder is anti-symmetric part
Λ[αβ] =
1
2
pαβ + ωαβ +Kαβ + qαβ . (13)
It is always possible to choose orthonormal basis 1-forms which I denote
{ea}. Then the metric g = ηabe
a ⊗ eb where ηab = diag(±1, · · · , 1). In this
case the splitting of the full connection (7) takes the form
Λab = ω
a
b +K
a
b + q
a
b +Q
a
b . (14)
If only Qαβ = 0, connection is metric compatible; Einstein-Cartan ge-
ometry. If both Qαβ = 0 and T
α = 0, connection is Levi-Civita; pseudo-
Riemannian geometry. If Rαβ = 0 and Qαβ = 0, it is called teleparallel
(Weitzenbo¨ck) geometry. If Rαβ = 0 and T
α = 0, it is called symmetric
teleparallel geometry (STPG).
3 STPG
In STPG only nonmetricity tensor is nonzero:
Qαβ 6= 0 , T
α = 0 , Rαβ = 0 . (15)
Here I argue that in a well-chosen coordinate (or gauge) every metric has its
own nonmetricity. This can be seen a kind of gauge fixing. Let us show this
2
argument as follows. First one has to choose the natural frame eα = dxα
and the connection as Λαβ = 0, then automatically R
α
β = 0 and T
α = 0 and
Qαβ = −
1
2dgαβ. This sequence of the operations corresponds to ωab + qab
in the orthonormal frame. Besides, in this geometry identities (4)-(6) give
one nontrivial identity, DQαβ = 0. From now on let Greek indices denote
natural (holonomic) ones.
3.1 Autoparallel Curves
In the Riemann geometry one requires that the tangent vector to the au-
toparallel curve points in the same direction as itself when parallel propa-
gated, and demand that it maintains the same length,
DTα = 0 . (16)
On the other hand, since intuitively autoparallel curves are ”those as straight
as possible” I do not demand the vector to keep the same length during
parallel propagation in STPG. It is known that nonmetricity is related to
length and angle standards at parallel transportation. Therefore I prescribe
the parallel propagation of the tangent vector
DT µ = (aQµν + bq
µ
ν)T
ν + cQT µ (17)
where T µ = dx
µ
dτ is the tangent vector to the curve x
µ(τ) with an affine
parameter τ and a, b, c are arbitrary constants. Here since I choose Λαβ = 0
I obtain DT µ = dT µ = (∂αT
µ)eα. Moreover, I write Qµν = Q
µ
ναe
α and
qµν = q
µ
ναe
α and Q = Qνναe
α. Then Eqn(17) turns out to be
∂αT
µ = (aQµνα + bq
µ
να)T
ν + cQνναT
µ . (18)
Now after multiplying this with Tα I write Tα∂α :=
d
dτ . Thus I arrive at
d2xµ
dτ2
= (aQµνα + bq
µ
να)
dxν
dτ
dxα
dτ
+ cQννα
dxµ
dτ
dxα
dτ
. (19)
Here by using Qαβ = −
1
2dgαβ I get Q
µ
να = −
1
2g
µβ(∂αgβν) and then q
µ
να =
−12g
µβ(∂νgαβ−∂βgαν). Consequently, I express the autoparallel curve equa-
tion in terms of the metric as follows
d2xµ
dτ2
= gµβ
[
−
a+ b
4
(∂αgβν + ∂νgβα) +
b
2
(∂βgαν)
]
dxν
dτ
dxα
dτ
−
c
2
gνβ(∂αgβν)
dxµ
dτ
dxα
dτ
(20)
where I symmetrized the first term of the first line in (να) = 12 (να + αν)
indices. If I fix a = b = 1 and c = 0, then this equation becomes the same
as the autoparallel curve of the Riemann geometry.
3
3.2 Geodesics
Intuitively, geodesics are ”curves as short as possible”. Interval between
infinitesimal points is given by metric
ds2 = gµνdx
µdxν (21)
Let me parameterize the curve between endpoints as xµ = xµ(τ), then I
obtain
s =
∫ τ2
τ1
(−gµν x˙
µx˙ν)1/2 dτ (22)
where dot denotes τ -derivative. I inserted a minus sign because of the
Lorentz signature. I wish now to derive the condition on a curve which
makes it extremize the length between its endpoints, i.e., wish to find those
curves whose length does not change to first order under an arbitrary smooth
deformation which keeps the endpoints fixed. This condition gives rise to
the Euler-Lagrange equations
d
dτ
(
∂L
∂x˙α
)
−
∂L
∂xα
= 0 (23)
of the action integral I =
∫ τ2
τ1
L(xµ, x˙µ, τ). Thus in my case the Lagrangian
is
L = [−gµν(x)x˙
µx˙ν ]1/2 (24)
where x stands for coordinate functions xµ. Now Euler-Lagrange equations
yield
x¨β +
1
2
gαβ(∂µgαν + ∂νgαµ + ∂αgµν)x˙
µx˙ν =
x˙β
2(gµν x˙µx˙ν)
d(gµν x˙
µx˙ν)
dτ
(25)
Attention to the last term! Let me evaluate it. First, I write it as gµν x˙
µx˙ν =
gµνT
µT ν = TµT
µ. Now,
d(TµT
µ) = (Dgµν)T
µT ν + 2gµνT
µ(DT ν)
= −2QµνT
µT ν + 2gµνT
µ(DT ν) (26)
Here the usage of Eqn(17) gives
d(TµT
µ) = 2(a− 1)QµνT
µT ν + 2cQTµT
µ (27)
This means that if I choose a = 1 and c = 0, Eqn(25) becomes the same as
the geodesic equation of the Riemann geometry.
4
4 Result
Thus if in STPG the parallel propagation of the tangent vector T µ = dx
µ
dτ
to a curve xµ(τ) is defined as
DT µ = (Qµν + q
µ
ν)T
ν (28)
then the autoparallel curve equation is obtained as
d2xµ
dτ2
+
1
2
gµβ (∂αgβν + ∂νgβα − ∂βgαν)
dxν
dτ
dxα
dτ
= 0 . (29)
which is the autoparallel curve equation of the Riemann geometry. Also it
is shown that this is the geodesic equation of the STPG like in the Riemann
geometry.
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